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A number of Wolfsberg-Helmholz (W-H) type calculations for VO(H~O) ++ are reported. 
The aim of the work is twofold: to test the viability of single Slater type mimics ofSCF orbitals, 
and to remove a number of the more drastic assumptions in the original Ballhausen-Gray 
(B-G) calculations. I t  is shown that  single Slater type orbitals may be obtained in such a way 
as to more or less reproduce results of W - I t  calculations using SCF-functions. I t  is shown that 
removal of B-G approximations does not change the relative one-electron MO ordering of the 
B-G scheme; however, the energy gaps between the levels are changed considerably. The 
effects of displacing the vanadyl group from the equatorial plane are shown to be important. 

Eine Anzahl yon Wolfsberg-ttelmholz (W-H) Reehnungen fiir VO(HgO) ++ sind durch- 
gefiihrt worden, um einerseits SCF-adjustierte einfache Slaterfunktionen zu testen und ande- 
rerseits eine Anzahl yon Vereinfachungen der urspriinglichen Rechnungen yon BALL~r~USEN 
U. GgAY (B-G) zu eliminieren. Es zeigt sieh, dab es einfache Slaterfunktionen gibt, die bei 
Rechnungen nach W-H/~hnliche Ergebnisse wie SCF-Funktionen liefern, und dab Rechnun- 
gen mit und ohne den N/iherungen yon B-G die gleiche Reihenfolge der MOs, aber verschie- 
dene Einteilchenenergien liefern. Die Versehiebung der Vanadylgruppe aus der horizontalen 
Ebene heraus beeinfluBt die Elektronenstruktur stark. 

Un nombre de calculs d'apr~s Wolfsberg-Helmholz (W-H) est ~xecut~ sur VO(H~O) ++ pour 
tester des fonetions simples de Slater repr6sentantes des orbitales SCF, et pour 61iminer un 
certain nombre d'hypoth&ses du ealcul original de B~atAUSE~-GgA:r (B-G). I1 est d6montr6 
clue des simples STO sent obtenables qni produisent environ les resultats d'un calcul W-H 
l'aide des fonetions SCF, et que les calculs soit avec soit sans approximation B-G donnent le 
m6me ordre de MO mais une ~nergie diff6rente. L'effet de d61ocalisation de la group Vanadyl 
du plan horizontal est montr6 d'etre tr~s important pour la structure 61ectronique. 

Introduction 

The molecular  o rb i t a l  t r e a t m e n t  of  VO(H20)  ++ b y  BAL~AUSEN and  G~AY [ l ]  
has  served  as mode l  and  guide for mos t  discussions of  vanady l - complexes  [2, 3], i t  
has  been used for the  descr ip t ion  of  v a n a d i u m  sites in glasses [4], and  i t  has  been 
e x t e n d e d  to p rov ide  discussion of  chromyl-  and  molybdeny l -complexes  [5]. 

The  Ba l lhausen -Gray  calculat ion,  however ,  involves  a r a the r  large n u m b e r  of  
approx ima t ions ,  and  i t  seems p rope r  to  scrut inize these app rox ima t ions  fur ther .  
I n  the  l ight  of  some recent  deve lopmen t s  in MO- theory  on the  one hand ,  and  of  the  
increase in  expe r imen ta l  knowledge  on the  o ther  hand ,  a n u m b e r  of  po in ts  should  
be examined  cr i t ical ly .  F i r s t  of  all,  an  a l t e rna t ive  express ion for the  resonance  
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integral has been proposed [6] ; this expression is probably somewhat better than 
the usage of the geometric mean between the two relevant Coulomb integrals [7]. 
Secondly, it is now possible to perform the calculations without the Ballhausen- 
Gray a priori  assumptions as to the hybridisation of the atomic orbitals or the 
pairing of ligand with metal orbitals. Thirdly, it has recently been suggested [8] 
that  the geometry of the vanadyl-water complex is shghtly different from that  
previously assumed. Fourthly, the evaluation of the electron repulsion integrals 
necessary to proper spectroscopic correlation must be reconsidered or, at least, 
criticized. 

Method 

The method used has been described in detail elsewhere [9]: a Wolfsberg- 
Helmholz type calculation was carried through until self-consistency was reached 
with respect to charge and configuration. Use was made of the rotationally invar- 
iant version [7] of the equation 

H~j = ~ (2 - [ &j [) (H.  + Hjj) S~j (1) 

where H and S are matrix elements of the hamiltonian and overlap operators, 
respectively [6]. The orbital exponents of the Slater atomic orbitals were construct- 
ed to mimic the overlap properties of the SCF functions [10, l i ]  over a range of 
representative bond distances. One of the Slater mimics used the proper quantum 
number, whereas an alternative Slater mimic was engineered to use a quantum 
number one less than that  appropriate to the orbital in question. This latter method 
has been reported [9, 12] to yield a better match over a larger range of bond 
lengths than does the former. For the sake of comparison, a calculation was per- 
formed using the "correct" SCF-overlaps, thus bypassing the problem of selecting 
orbital exponents altogether; at  the same time, comparison of these various 
calculations should test the propriety of using Slater mimics at all. Unlike the 
Ballhausen-Gray calculation, no assumptions were made concerning bonding 
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Fig. i. Assumed C~-symmetry of the vanadyl-water complex 
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Table 1. Charge Distribution at Sell-Consistency in the VO(H20)++ 
Complex at cc = 90 ~ 

A The Ballhausen-Gray scheme (for comparison purposes). 
B Overlap matching against SCF-orbitals for neutral atoms, using 

the correct principal quantum numbers. 
C As B, but using (fictitious) smaller quantum numbers (2d, lp). 
D As C, but matching against SCF-orbitals for atoms carrying the 

charge obtained at self-consistency in the previous ease C. 
E Using the "correct" (i.e., atomic) SCF-overlaps for neutral 

atoms a. 

Method 
Atom A B C D E 

V +0.97 +0.86 +0.86 +0.82 +0.83 
O -0.60 -0AS -0A9 -0A9 -0.21 
5(tt20 ) +1.63 +1.29 +1.33 +1.37 +1.38 

The metal orbitals [~1] were "average-of-configuration" wave- 
functions; the ligand orbitals [10] could be taken to correspond to any 
one of the states belonging to a given configuration; however, the re- 
sulting uncertainty in the overlap integrals amounted to only a few 
percent. 

possibilities or hybridizations of atomic orbitals. The point group of the complex 
consequently was C~v (see Fig. l) as opposed to C4v in an a priori hybridized scheme 
The angle ~ between the VO-axis and the four equatorial H~O-V axes was varied 
between 90 ~ and 105~ Ballhausen and Gray used 90 ~ while SWLBIN et al. [8] 
recently suggested a value of about t00 ~ The V-O bond length was 1.67 A; the 
V-OH~ bond length was 2.30 A for equatorial waters and 2.4 ~ in the axial 
direction. The effects of variation of these bond lengths will be considered briefly. 

Results and Discussion 

a) Comparison el Di//erent Computations at or = 90 ~ 

Table i contains the serf-consistent charge distribution in the complex (at 
= 90 ~ resulting from four slighly different calculations. The four different com- 

putational approaches, B through E, agree very close]y with each other and do not 
differ too much from case A (BALLH~VS~ and G~AY): the metal has a positive 
charge of about + i  (as compared to +4  in the crystal field picture), the vanadyl 
oxygen is negative and the five water molecules slightly positive. The most notice- 
able difference is the prediction of a considerably smaller negative charge on the 
vanadyl-oxygen than that  found by BALL~AUS~ and G~AY: an experimental 
determination of the dipole moment is needed to decide which one of the two situa- 
tions corresponds most closely to reality. 

Fig. 2 shows the energy levels of the VO(H20) ++ complex at c~ = 90 ~ for the 
same four cases; again, the Ballhausen-Gray scheme is given for the sake of com- 
parison. The most striking feature is that  the sequence of levels is identical in all 
cases (the cross-over between B and C is insignificant). The splitting of the e 1vie 
into b x + b2 MO's (reduction of Car ~ C2v) amounts to a few i00 cm -1 for e~* and 
to a few i000 cm -x for e.. In  solution, however, one may expect a free rotation, 



The Electronic Structure of Vanadyl Pentahydrate 393 

(2 = 9 0  ~ 

h B C D E 
3 0 -  

4 - 0 -  

a~(z 2 ) . 

5 0 -  r 
/ 

2 
/ 

6 0  - / 

o,(z~ I, 
7 0 -  . a  a ," % ( x - y  ) ,  

8 0 -  
/ 

i 

t 
v 9 o - b ] ( : , ~ g ) ,  b;(yz) ,.~ 

.=- I o o -  ,, 
i, -i i 

ILl %~xy, r . 
I l" | 

aT(z 2 ) 

* 2 2 arCx-y ) 

b~(yz 

%(xy) r 

oT(z ~z ) 

/ /  

\ / 
\ / 

a~lz2)  ~ 
,, o~(x2 ya) 

/ 
/ 

\ / 
* 2 2 

\ a i ( x - Y  ) /  

b~lyz)  

- / "  bT(xz) - -  b~Cy z )  ~ .: -" ~ 

b~(~z) ~ % ~  

- ""(I'2(xY) T " " 

llO-bz(xY) r ~ b 2 
i b2 b~ 

150 - / 
/ ! / 

27/" ~ / 
1 4 0  - ~  ' 

i 
i 

i5o-aJ T~ ,' 

1 6 0  - 

Fig. 2. Energy levels of the VO(H20) ++ complex at ~ = 90 ~ A, B, C, D, and E have the same 
meaning as they do in Table I. Note that the BAL~AVS~.~-G~Au levels are labelled by Oct- 

symbols, while all the other levels are labelled by C~,-symbols 

resulting in one broadened level  (effective C~v-symmetry).  In  the following, we 
shall use the C4v-notation consistently.  

The MO energy diagram does not  differ appreciably for cases A, B,  C or D : if 
there are shifts,  all the levels  tend to shift in the same direction, so that  the same 
gross features are found in any one of  the four schemes.  Obviously,  the improve-  
m e n t s  obtained by  changing the principal quantum number  of  the Slater mimic ,  
or b y  taking the "correct" SCF-overlaps,  or by  accounting for the effects of  charge 
in the overlap calculations,  do not  affect the final results to any great extent .  To 
some degree the use of  Slater mimics  is thereby vindicated.  

The m o s t  important  single point  is that  the MO energy gaps e= --  b 2 and a 1 - b s 
obtained by  us are considerably smaller than those found by  BAT,T,~T~VSEN and 
G~Au on the other hand, we find the gaps b 2 --  b* and b~ - a* to be larger. I t  is 
of  interest  to compare  the corresponding wavefunct ions;  this  is done in Table 2. 

27 Theoree .  c h i m .  A c t a  (Berl.) Vol. 9 
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* than in e~ ; in the a*-orbital, on the other hand, inclusion of the important  in e. 
s-interaction between the equatorial ligands and the metal  results in a very 
strongly antibonding contribution to the energy. 

An interesting consequence implicit in the expression of Table 2 concerns the 
transition e~ -+ e~', which is usually interpreted as a simple charge transfer transi- 
tion from the vanadyl  oxygen towards the metal. According to the waveftmctions 
obtained by  us, this transition should be considered as a charge transfer from the 
water ligands towards the vanadyl  group, with the transfer to the vanadium much 
larger than tha t  to the vanadyl  oxygen. 

I t  may  be verified from Table 2 tha t  the hybridization resulting from the solu- 
tion of the eigenveetor problem is markedly different from the hybridization 
obtained by  minimizing the ratio VSIE/S (per BALL~IAVSE~ and GI~AY). The a 5- 
hybrid on the vanadyl  oxygen, for instance, is found to have a good deal more 
p-character, while the sdz~-hybrid on vanadium has far more d-character than  is 
given by  the VSIE/S minimization procedure. Usage of the Ballhausen-Gray 
hybrids as a basis for further calculation must  be considered a somewhat uncertain 
procedure, unless these calculations happen to be rather insensitive to the actual 
values of the coefficients (see e.g. the determination of ESR-parameters  by  
H~C~T and JOI~NSTON [4]). 

In  summary,  the differences between the present energy level scheme and the 
Ballhausen-Gray scheme can be traced back to the a priori assumptions concerning 
bonding patterns and hybridizations made by  these authors. The different Hij- 
expression, or the procedure for calculating overlaps (provided they approximate 
SCF-overlaps fairly well), seem to be less important.  Whatever  method one uses, 
as long as one includes M1 the orbitals, and one lets an interaction occur whenever 
the overlap is significant, one obviously finds an energy level scheme as shown in 
Fig. 2, B through E*. 

b) Influence o/ the Geometry 

The angle ~ (where ~ is defined as O-V-(OH2)e q and where the subscript "eq"  
means any of the four equatorial water molecules) was varied between 90 ~ and 
105 ~ The energy level diagrams are shown in l~ig. 3. The effect of angle variation 
is significant only in the non-occupied MO levels: relative to the 52-orbitM, e~* in- 
creases, while bl* and al* decrease in energy. 

When ~ increases, it becomes possible for the 3dxz, 3duz orbitals to overlap 
effectively with the group orbitMs (2pxl ~-2pxa), (2py2-t-2pyd). The total  overlap, 
say, of 3dyz with 2py 2 as a function of ~ is : 

: cos ~ cos 2~ S(2p~, 3d~) - 2 sin ~ sin 2cr S(2p(~, 3da) S 

showing tha t  both a and ~-interactions are involved; the coefficient for a-overlap 
is about twice as large as the coefficient for ~-overlap. In  this manner,  most  of 
the variations exhibited in Fig. 3 may  be rationalized. 

* However, this assertion is not generally correct; for a number of small molecules (e.g., 
ethylene), the results are known to be quite sensitive to the precise value of the individual 
overlap integrals. 

27* 
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Fig. 3. Effect of a-variation on the energy levels. All calculations correspond to case t~. The 
Ballhausen-Gray scheme is given for comparison and is shown in the leftmost location 

The al*- and b*-levels are stabilized with increased or because the involvement 
of the equatorial ligands (via ~-overl~ps) obviously decreases considerably. 
Contrary to the suggestion by S~LBI~ et al. [8], however, it seems that  at ~ NI00  ~ 
the e=*-level is still well below b* ; the total angle variation of t5 degrees results in 
energy level shifts of 5000 to t0000 em -1. 

Accordingly, it becomes somewhat objectionable to compare, as such, the 
spectra of different vanadyl-complexes, or even of a given complex in different 
solvents; indeed, quite small changes in the angle cr can result in spectroscopic band 
shifts of a few kilokayser. 

Variation of bond lengths within the limits of precision of the X-ray data (and 
even outside of these limits) does not produce, in most cases, changes in the over- 
lap integrals of the same magnitude as the change caused by angle variation. A 
decrease of the distance V-(HzO)e q from 2.30 A to a lower value of 2.t or 2 .0 / l  
does result in a considerable destabilization of the bl*(x 9' -- y~) level; however, such 
a larger bond length change would appear to be ruled out by EPR-data.  
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l~ig. 4A. One electron transition energies, oscillator strengths and polarizations predicted by 
the present calculations (er = t00~ The symbol V means vibronic. B The electronic spectrum 
of VOSO4.5H20 in aqueous solution according to BALL~AI:SEN and GgAu [1]. Left (IR and 
visible spectrum) : concentration C of complex is 0.0237 M, I-I2SO 4 concentration is 0A M; 
right (ultraviolet spectrum): C = 0.00237 M, HeSO~ concentration is 0.01 1~. C One electron 
transition energies (solid lines) and state transition energies (dashed lines), oscillator strengths 

and polarizations obtained by BALLgA~SE~ and GRAY. The symbol V means vibronie 

c) Spectroscopic Assignments 
Fig, 4]3 shows the electronic absorption spectrum of VOSO 4 . 5 ~ O  in aqueous 

solution, according to BALL~AVS~ and GRAY; their calculated oscillator s trengths 
and their experimental  and theoretical polarization results are shown in Fig. 4C. 

Among  the different energy level schemes of  Fig. 3, the one at  cr = 100 ~ seems 
to provide the best overall agreement  with experiment,  as has been previously 
suggested [8]. Fig. 4A shows the one-electron MO-transitions corresponding to the 
si tuat ion at  c~ = i00 ~ together  with the predicted polarization and oscillator 
s t rengths;  the lat ter  are also given in Table 3. 

Comparison of Figs. 4A and C reveals t ha t  the difference between the Ball- 
hausen-Gray calculation and the present t r ea tmen t  is more pronounced t h a n  
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Table 3. Oscillator Strengths and Polarizations (C~-Notat ion)  

Transition Oscillator Strengths Predicted 
This Paper B ~ L ~ v s ~ -  Polarization 
(~ = 100 ~ Gr~Y 

"d-d" transition~ 
~B~ .-,- ~E(xy --+ xz, yz) (1.04) t0-4 (3.9) 10 -~ • (x, y) 
aB~ -+ ~B~(xy --* x ~ - y~) / / - -  

"charge transfer" 
~B~ --* 2E (I) (e:, ~ xy) (3.56) 10-4 (26.4) 10 -4 _J (x, y) 
~B~ -,- 2Al(a 1 -+ xy) [ [ - -  
~2  ~ ~B2 (I) 0.45 (44.7) 10 -a ]] (z) 

(e ,  ~ xz, yz) 
~B 2 ~ 2B 2 (II) 0.15 - -  ]1 (z) 
2B~ ~ ~ E  ( I I )  ( 6 6 )  t 0  - ~  ~ • (x ,  y )  

(a 1 "-> XZ, yz) 
~B~ -+ ~E (III) (22) t0 -~ ~ 2 (x, y) 
~B~ --> 2E (IV) (6) 10 -a - -  • (x, y) 

(e~ -~ x ~ - y~) 
~B~ ~ ~E (V) (2) 10-4 - -  • (x, y) 

would appear  at  first sight f rom Figs. 2 and 3. Indeed,  certain one-electron transi- 
t ions are positioned in al together different regions of  the spectrum by  the two 
schemes, and some intensities (as, for instance, t h a t  of  e~ -~ b~) are very  different. 

As can be seen from Fig. 4A, the d - d splits are found to be very  large. They  
would become even larger if  instead of  Eq. I a geometric mean  expression were 
used for Hit  [13]. This result  would seem to refute the assignment of  O~TO]~A~O 
et al. [i4] who placed all d - d transit ions below 20000 em -1 for V0(acac)2. The 
b 2 -~ e* transi t ion is predicted to lie in the low energy region and b~ -~ al* transit ion 
to  be buried under  the high energy bands. The forbidden transit ion b~ ~ b* 
( x y  -~ x 2 - -  y~), which should be quite sensitive bo th  to bond length and angle ~, 
falls between these two absorpt ion regions; EPI~ measurements  (v ide i n / r a )  suggest 
t h a t  this t ransi t ion p robab ly  lies in the low energy region, bu t  this assignment is 
no t  as s trongly suppor ted  by  MO-calculation as was originally claimed. 

Assignment  of  the charge transfer  transit ions requires inclusion of  electron 
repulsion corrections. I n  a charge serf-consistent calculation, one might  expect  
these corrections to  be less impor tan t  than  in the simpler extended ~fiekel  calcula- 
tions. A t  any  rate,  the mos t  obvious suggestion would seem to assign both  2B2 
-+ ~E(I) (e. -~ b3) and ~B 2 -~ ~ A l ( a  1 ~ b2) t o  the low energy region, since they  have 

the correct  posit ion (if the electron repulsion correction is small), as well as the 
correct  in tensi ty  and  polarization*. The high energy region would then  consist 
essentially of  the ~B~ -~ 2B2(e ~ ~ e*~ ), ~B~ -~ ~E(a  1 -~ e*) and ~B 2 ~ 2E(e:~ ~ b*)  

transit ions.  These assignments would, indeed, explain the observation,  a t  low 
temperature ,  of  more than  two bands in the low energy region [14]. 

* Indeed, the additional 11700 em -1 which BALL~VS~ and GaAv add to the one-elec- 
tron transition energy of e= -+ be seems exceedingly high. I t  is ~rue that the b2-orbital is more 
localized than the eu-orbital, but the latter contains 2p-orbitals, for which the F-integrals are 
much larger than for d-orbitMs. 
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There are, however, some very serious objections against these assignments. 
First, it has been reported [14] that  the whole low energy band system in V0(acac)2 
disappears, presumably because of oxidation, when a solution is allowed to stand 
for a number of hours. I f  this process is properly described as a simple removal of 
an electron from the b 2 orbital (without concomitant changes in geometry or 
electronic structure), this observation supports the conclusion that  the low energy 
absorption region is entirely made up of d -- d transitions. However, a much more 
serious objection is that  in all known vanadyl complexes, the absorption spectrum 
seems always to possess a few low intensity bands in almost precisely the same 
region (10 to i8 kK). Charge transfer bands, on the other hand, are expected to 
shift over a much larger energy range; and, indeed, the bands in the high energy 
region do shift ~10  to 15 kK from one complex to another. Thus, it seems doubtful 
to suppose that  the low energy bands are of a significant charge transfer nature. 

Therefore, we now differentiate between two aspects of the Balihausen-Gray 
interpretation of the vanadyl pentahydrate spectrum. Firstly, their assignment of 
the observed spectrum to various transition types seems reasonable (but not  
necessarily correct) in view of the available data. I t  is our contention that  the 
second aspect of their work, namely the extent to which computation substantiates 
these assignments, is not as definitive as is usually supposed. Relative to the B-G 
assignments, the present computations position all charge transfer bands at too 
low an energy. However, relative to the B-G calculations, we predict less pro- 
nounced charge transfer character for all these transitions: in the present work all 
MO's possess non-negligible amplitudes on both metal and water ligands, which 
immediately reduces the charge transfer character considerably. We can restore 
agreement with the B-G assignments only ff we exclude enough pairing possi- 
bilities so as to generate more localized MO's. I t  is in this way, in fact, tha t  BALL- 
~AVSEN and G~Au substantiate their assignments. However, in doing so, the e~, 
b~ and e* MO's become devoid of amplitudes on the water ligands. Thus, while 
accounting for band positions (after the further introduction of some debatable 
electron repulsion corrections), they predict these band positions to be almost 
insensitive to the ligands, - -  the opposite, of course, is known to be the case. 

I t  seems to us that  the present calculations predict the proper form of the wave- 
functions and lead to correct predictions as to the ligand dependence of the spec. 
trum. On the other hand, the positions of the energy levels is not predictable with 
any great accuracy; indeed, only the relative order appears to be meaningful. 

d)  -Magnetic Propert ies  

The magnetic properties of the complex can be explained reasonably satis- 
factorily using either set of calculations. In the expression 

g~j = 2 (~lj - tAx i )  

we find the tensor components Ait to be somewhat smaller than BALLt~AVSE~ and 
G~AY, because the perturbation gaps in our case are larger (especially for bl*). On 
the other hand, as was pointed out by KrVELSON and LEE [15], the value of the 
appropriate spin-orbit coupling constant ~ should be somewhat larger than the 
value of 135 cm -1 used previously [i] ; indeed, the 4s-orbital has a non-zero popula- 
tion even in the ground state, and the experimental value of 2sa for a 3d n-1 48 
configuration is larger than that  for the corresponding 3tin-configuration [16]. 
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Conclusions 

The Bal lhausen-Gray interpretat ion of  the vanady l  spectra, though  seemingly 
in good agreemen~ with experiment,  is less substant ia ted  by  molecular orbital 
theory  than  is usually supposed. I f  one assumes bonding simply and only to the 
extent  t ha t  the orbitals overlap, the d - d transi t ions resulting f rom our  calcula- 
tions tend to be too high in energy, while the charge-transfer  transit ions tend  to be 
too low in energy if  one accepts the B - G  assignment. The orbital pairing restric- 
tions, which are apparent ly  useful to obtain  bet ter  agreement  with experiment,  do 
no t  derive f rom chemical intui t ion and only in par t  f rom analogies with crystal  
field theory.  

As to  the extension of  any  present ly  available MO scheme to other  complexes, 
or even to the same complex in different solvents, a careful consideration of  the 
observed shifts is necessary in the light of  possible variat ions of  the angle ~. 
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